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Abstract
This paper intends to obtain concircular vector fields (CVFs) of Kantowski-Sachs
and Bianch type-III spacetimes. For this purpose, ten conformal Killing equations
and their general solution in the form of conformal Killing vector fields (CKVFs) are
derived along with their conformal factors. The obtained conformal Killing vector
fields are then placed in Hessian equations to obtain the final form of concircular
vector fields. The existence of concircular symmetry imposes restrictions on the metric
functions. The conditions imposing restrictions on these metric functions are obtained
as a set of integrability conditions. It is shown that Kantowski-Sachs and Bianchi type-
III spacetimes admit four, six, or fifteen dimensional concircular vector fields. It is
established that for Einstein spaces, every conformal Killing vector field is a concircular
vector field. Moreover, it is explored that every concircular vector field obtained here
is also a conformal Ricci collineation.
Keywords: Concircular vector fields, Conformal factor, Ricci tensor.
1 Introduction
The theory of general relativity is governed by Einstein’s field equations (EFEs), in which
one side articulates the physics of spacetime and the other side describes geometry of the
spacetime. EFEs are extremely nonlinear partial differential equations and it is very dif-
ficult to obtain their exact solutions. In order to solve EFEs, some symmetry restrictions
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are essential to apply on spacetimes. Spacetime symmetries not only help us in finding ex-
act solutions of EFEs, but some of them also provide invariant bases for the classification
of a spacetime [1, 2, 3]. Spacetime classification, according to various types of symmetries
is an important part of recent research in the field of general relativity [4]. In the words
of G. S. Hall [4], a spacetime symmetry is a smooth vector field whose local flow preserves
some geometrical feature of the spacetime, which refers to a specific tensor such as the
energy momentum tensor, the metric tensor or to other aspects of the spacetimes such
as geodesic structure. Some of the most basic symmetries of the spacetimes are Killing,
homothetic and conformal vector fields.
Among other well-known spacetime symmetries, conformal symmetry is of specific in-
terest. Mathematically specified a manifold M , conformal symmetry is given by a vector
field X such that for a spacetime metric, along the integral curves created by X, Lie
derivative (LX) fulfills the relation,
LX gab = gab,cX
c + gacX
c
,b + gbcX
c
,a = 2α (x
m)gab, (1)
where α : M → R is some smooth real valued function, called conformal factor. When
α = 0, the conformal Killing vector fields become Killing vector fields (KV Fs) and when
α,m = 0, the solution of equation (1) is called homothetic vector fields (HV Fs). A con-
formal Killing vector field is known as proper conformal Killing vector field if α,m 6= 0
and is called special conformal Killing vector field if αm;n = 0 [4]. In the case of Einstein
spaces any conformal vector field is also a Ricci collineation (LX Rab = 0 ) as well [5].
The importance and some applications of conformal Killing vector fields can be seen in
[6, 7, 8, 9].
The conformal Ricci collineation (LX Rab = 2α (x
m)Rab) were called concircular vec-
tor fields for Riemannian manifolds. Aaron Fialkow [10], presented in his article the
idea of concircular vector fields on a Riemannian manifold M. A vector field X is known
as concircular vector field if the local flow generated by X consists of concircular map-
ping i.e. conformal mapping preserving geodesic circle. A transformation of the metric
g → g˜ = 1
α2
g is concircular if and only if ∇2 α = ∆αn g [11, 12, 13, 14], or equivalently
the two Ricci tensors of g and g˜ have the same traceless part [15]. Concircular vector
fields have interesting applications in physics as well as in general relativity [16], also it
was proved by the author that a Lorentzian manifold is a generalized Robertson Walker
spacetime if and only if it admits a timelike concircular vector field.
The notion of concircular transformations of Riemannian manifolds introduced by Yano
[11, 12] established the theory of concircular geometry. To explain his idea, let Xk
is an infinitesimal concircular transformation (a vector field), if the infinitesimal point-
transformation x˜k = xk + εXk (ε being an arbitrary infinitesimal constant) carries any
geodesic circle into another one. Necessary and sufficient conditions for Xk to be a con-
circular vector field is given by Ishihara [17], which is given as follows:
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Theorem 1.1. A vector field X is said to be a concircular vector field ( that is, Xk to
be an infinitesimal concircular transformation), if it satisfies the following necessary and
sufficient conditions
LX gab = gab,cX
c + gbcX
c
,a + gacX
c
,b = 2α gab, (2)
∇a∇b ψ = ψ,ab − Γ
c
ab ψ,c = β gab, (3)
where Γ cab indicates the second kind Christoffel symbols, ∇a∇b is the Hessian while α
and β are conformal factors.
Basically α is the factor of dilation of the infinitesimal concircular transformation Xk.
The above theorem shows that the vector fields considered in [5] are the particular form
of concircular vector fields. One can obtain conformal Killing vector fields when equation
(2) is satisfied and a concircular vector field when equation (3) is satisfied. Taking the
covariant derivative on both sides of equation (3) and taking account of the Ricci identity,
the following relation can be established easily
R lcba α,l = gcb β,a − gac β,b, (4)
R lcba being the Riemann curvature tensor of the manifold and β,a = ∂aβ.
Also, α =
divX
n
[18], that is the conformal factor is equal to the constant times divergence
of X. Kuhnel and Rademacher [19] proved that for a general n-dimensional manifold
admitting CKVFs, their special conformal Killing vector field (∇a∇b α = 0 ) is equivalent
to its Ricci collineation. The Ricci tensor of Einstein spaces remains proportional to its
metric, i.e., Rab = K gab, where K is the constant of proportionality. For Einstein’s
spaces, K and R are related as R = nK [20].
Lemma 1.2. [17]: In Einstein spaces every conformal Killing vector field is a concircular
vector field.
Also a relation between α, and β for manifolds of constant curvature becomes:
β =
Rα
n (n− 1)
. (5)
2 Conformal and Concircular Equations
Consider a spacetime metric in the spherical coordinate system (t, r, θ, φ) with the line
element [21]:
ds2 = −dt2 +A2(t) dr2 +B2(t)
(
dθ2 + h2(θ)dφ2
)
, (6)
where A and B are no where zero functions of t only such that for h(θ) = sin(θ), spacetime
(6) becomes Kantowski-Sachs spacetime and for h(θ) = sinh(θ), spacetime (6) becomes
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Bianchi type-III spacetime. These spacetimes admit minimum four Killing vector fields
∂
∂ r
,
∂
∂ φ
, cos[φ]
∂
∂ θ
−
h′(θ)
h(θ)
sin[φ]
∂
∂ φ
and sin[φ]
∂
∂ θ
+
h′(θ)
h(θ)
cos[φ]
∂
∂ φ
[22]. Using the
metric components above in equations (2) and (3), the following two systems of partial
differential equations are obtained as:
X0,0 = α, (7)
A2X1,0 −X
0
,1 = 0, (8)
B2X2,0 −X
0
,2 = 0, (9)
B2 h2(θ)X3,0 −X
0
,3 = 0, (10)
AX1,1 +A
′X0 = αA, (11)
A2X1,2 +B
2X2,1 = 0, (12)
A2X1,3 +B
2 h2(θ)X3,1 = 0, (13)
BX2,2 +B
′X0 = αB, (14)
X2,3 + h
2(θ)X3,2 = 0, (15)
B
(
h′(θ)
h(θ)
X2 +X3,3
)
+B′X0 = αB, (16)
and
ψ ,tt + φ = 0, (17)
ψ ,rr −A(t)
(
A′(t)ψ ,t +A(t)φ
)
= 0, (18)
ψ ,θ θ −B(t)
(
B′(t)ψ ,t +B(t)φ
)
= 0, (19)
ψ ,φ φ −B(t)h
2(θ)
(
B′(t)ψ ,t +B(t)φ
)
+ h(θ)h′(θ)ψ ,θ = 0, (20)
ψ ,tr −
A′(t)
A(t)
ψ ,r = 0, (21)
ψ ,tθ −
B′(t)
B(t)
ψ ,θ = 0, (22)
ψ ,tφ −
B′(t)
B(t)
ψ ,φ = 0, (23)
ψ ,r θ = 0, (24)
ψ ,r φ = 0, (25)
ψ ,θ φ −
h′(θ)
h(θ)
ψ ,φ = 0. (26)
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We first solve Eqs (7)–(16) by direct integration technique to find the components X0,
X1, X2 and X3 of the Conformal Killing Vector Fields. We will then substitute the
resulting CKVF components in the Eqs (17)–(26) to obtain differential constraints, which
when solved will give us the Concircular vector fields. The process of obtaining these
components is explained as follows:
First differentiating Eq (8) with respect to θ, Eqs. (9) and (10) with respect to r and
Eqs. (12) and (13) with respect to t after dividing them by A2, we obtain the following
relations: (
BX2,r
A
)
,t
=
(
BX3,r
A
)
,t
= 0. (27)
Integrating the above equation, substituting the results in Eqs. (8)-(16) and solving Eqs.
(9) and (12), we get


X0 (t, r, θ, φ) = X00 + (BA′ −AB′)
(
X20 +X21
)
−ABX21,t ,
X1 (t, r, θ, φ) =
B
A
(
X10 −X20,t
)
,
X2 (t, r, θ, φ) =
A
B
(
X20 +X21
)
,θ
,
X3 (t, r, θ, φ) =
A
B
(
X30 +X31
)
,φ
,
(28)
where X00, X10 = X00, X10 (t, r, φ), X20, X30 = X20, X30 (r, θ, φ) and X21, X31 =
X21, X31 (t, θ, φ). Again, substituting the results above in Eqs. (8), (10), (11), (13)-(16)
and then solving Eqs. (8), (10) and (13), we get:

X00 = B2 Y 00,t + (BA
′ −AB′)
(
Y 10 + Y 12
)
−AB Y 10,t ,
X10 (t, r, φ) =
(
Y 10 + Y 12
)
,r
,
X20 (r, θ, φ) = Y 12 − h(θ)
(
Y 201 + Y 202 + Y 203
)
,
X21 (t, θ, φ) =
B
A
(
Y 213 + Y 214 − Y 00
)
+ h2(θ)
(
Y 30 +X31
)
,
X30 (r, θ, φ) = Y 30φ +
1
h2(θ)
(
X20φ − Y
12
)
.
(29)
where Y 00 = Y 00 (t, φ), Y 10 = Y 10 (t, r), Y 12 = Y 12 (r, φ), Y 201 = Y 201 (θ, φ), Y 202 =
Y 202 (r, θ), Y 203 = Y 203 (r, φ), Y 213 = Y 213 (t, θ), Y 214 = Y 214 (θ, φ) and Y 30 =
Y 30 (θ, φ). Now, with the help of above information we can solve Eq. (15) to get the
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general form of conformal Killing vector fields as follows:

X0 = BF0 +B
2
[
H1 h
′(θ) + h(θ)
(
H2 sin[φ] +H3 cos[φ]
)]
,t
,
X1 =
[
F4 + F0
∫ B
A2
dt−
B
A
(
h′(θ)F1 + h(θ)
[
F2 sin[φ] + F3 cos[φ]
])]
,r
,
X2 =
(
c3 +H3 h
′(θ)
)
cos[φ] +
(
c2 +H2 h
′(θ)
)
sin[φ]−H1 h(θ),
X3 = c1 +
h′(θ)
h(θ)
(
c2 cos[φ] + c3 sin[φ]
)
+
1
h(θ)
(
H2 cos[φ] +H3 sin[φ]
)
,
(30)
where c1, c2 and c3 are arbitrary constants, Hj = Hj(t, r) = Gj(t) +
A(t)Fj(r)
B(t)
, such
that Gj = Gj(t) are functions of t only for j = 1, 2, 3 while Fi = Fi(r) are functions of r
only for i = 0, 1, 2, 3, 4 and the conformal factor is given by α = X0,t. The above system
constitutes a general solution of the Conformal Killing Vector Field Equations (7)-(16).
Substituting these values of X0, X1, X2 and X3 in the remaining Eqs. (11), (14) and
(16), expanding it with the aid of mathematica program and set the coefficients involving
sin[φ], cos[φ], h(θ) and h′(θ) and various products equal zero, give the following set of
over-determined integrability differential constraints of Conformal Killing Vector Fields:
F¨4 + F¨0
(∫
B
A2
dt
)
= A
(
B
A
)
′
F0, (31)
F¨j
A
−
AFj
B
[
A
(
B′
A
)
′
−B
(
A′
A
)
′
]
= A
(
B
A
)
′
G′j +
(
BG′j
)
′
, j = 1, 2, 3, (32)
Fj
[
B
(
A′
B
)
′
−A
(
B′
B
)
′
+
A
B2
]
=
Gj
B
+
(
BG′j
)
′
, j = 1, 2, 3, (33)
where F˙i =
dFi
dr
and G′j =
dGj
dt
.
Also, if we put the values of X0, X1, X2 and X3 in the Eqs. (17)–(26) and set the
coefficients involving sin[φ], cos[φ], h(θ) and h′(θ) and various products equal zero, we
get the following set of over-determined integrability differential constraints of concircular
vector fields:
(
B′
A
)
′
F˙0 = 0, (34)
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(
B
A
)
′
(
B′
A
)
′
F˙j = 0, j = 1, 2, 3, (35)
[
B
(
A′
B
)
′
+A
(
B′
B
)
′
−
A
B2
]
H ′j = 0, j = 1, 2, 3, (36)
[
A2
(
2µ1B
′ +B µ′1
)
+B µ′2
]
F0 + 2µ2
[
F¨4 + F¨0
(∫
B
A2
dt
)]
= 0, (37)
2B µ1 F¨j −AFj
[
2µ1 (BA
′′ −AB′′)−
(
A
B
)
′ (
A2 µ′1 + µ
′
2
) ]
= AB
[
BG′j
(
A2 µ′1 + µ
′
2
)
+ 2A2 µ1
(
2B′G′j +BG
′′
j
) ]
, j = 1, 2, 3,
(38)
(
B2 µ2 −A
2 µ3
)
F˙j = 0, j = 1, 2, 3, (39)
[
2BB′ µ1 +B
2 µ′1 + µ
′
3
]
F0 = 0, (40)
B2
(
B2 µ′1 + µ
′
3
)
H ′j − 2µ3Hj − 2B
2 µ1
[
(BA′′ −AB′′) Fj
−B2
(
BG′′j + 2B
′G′j
) ]
= 0, j = 1, 2, 3,
(41)
where β = −µ1X
0
,0 −
µ′1X
0
2
.
From the conditions (31)–(33), we can study all possible cases when the spacetime metric
(6) admit Conformal Killing Vector Fields. To avoid lengthy details we shall write only
the final results. The conclusion of the final results can be written in the following as
different possibilities:
3 Conformal Killing Vector Fields
If we differentiate Eq. (33) with respect to r, we find the following condition:
F˙j
[
B
(
A′
B
)
′
−A
(
B′
B
)
′
+
A
B2
]
= 0, j = 1, 2, 3, (42)
The above condition leads to two cases:
(I): B
(
A′
B
)
′
−A
(
B′
B
)
′
+
A
B2
= 0.
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(II): B
(
A′
B
)
′
−A
(
B′
B
)
′
+
A
B2
6= 0 and F˙1 = F˙2 = F˙3 = 0.
Now, we will discuss all possibilities and hence find the following solutions:
Conformal Killing Vector Field (1): In this case, the general solution of equation (I)
takes the following form:
B(t) =
A(t)
γ0
cosh [Ψ], where γ0 is an arbitrary non zero constant, while Ψ = γ0
∫ dt
A(t)
such that A(t) is an arbitrary no where zero function of t only. Therefore, we find


G1(t) = γ0 (a3 tanh[Ψ]− c1 sech[Ψ]) , G2(t) = γ0 (a7 tanh[Ψ]− c2 sech[Ψ]) ,
G3(t) = γ0 (a6 tanh[Ψ]− c3 sech[Ψ]) , F0(r) = γ0 (a1 e
γ0 r + a2 e
−γ0 r) ,
F1(r) = c1 − a4 e
γ0 r − a5 e
−γ0 r, F2(r) = c2 + a10 e
γ0 r − a11 e
−γ0 r,
F3(r) = c3 + a8 e
γ0 r − a9 e
−γ0 r, F4(r) = c4 + a12 r,
(43)
where γ0, cj and ai are arbitrary constants, i = 1, ..., 12, j = 1, ..., 4. The components of
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conformal Killing vector fields are obtained as:

X0 =
[
(a1 e
γ0 r + a2 e
−γ0 r) cosh [Ψ] + h′(θ)
[
a3 + (a4 e
γ0 r + a5 e
−γ0 r) sinh [Ψ]
]
+h(θ)
(
a6 cos[φ] + a7 sin[φ] +
[
(a8 e
γ0 r + a9 e
−γ0 r) cos[φ]
+ (a10 e
γ0 r + a11 e
−γ0 r) sin[φ]
]
sinh [Ψ]
)]
A(t),
X1 = a12 + (a1 e
γ0 r − a2 e
−γ0 r) sinh [Ψ] +
(
h′(θ) (a4 e
γ0 r − a5 e
−γ0 r)
−h(θ)
[
(a8 e
γ0 r + a9 e
−γ0 r) cos[φ] + (a10 e
γ0 r + a11 e
−γ0 r) sin[φ]
])
cosh [Ψ] ,
X2 = a13 cos[φ] + a14 sin[φ] + γ0h
′(θ)
[
(a6 cos[φ] + a7 sin[φ]) tanh[Ψ]
+
[
(a8 e
γ0 r − a9 e
−γ0 r) cos[φ] + (a10 e
γ0 r − a11 e
−γ0 r) sin[φ]
]
sech[Ψ]
]
−γ0 h(θ)
[
a3 tanh[Ψ]− (a4 e
γ0 r + a5 e
−γ0 r) sech [Ψ]
]
,
X3 = a15 +
h′(θ)
h(θ)
(a14 cos[φ]− a13 sin[φ]) + γ0
1
h(θ)
[
(a7 cos[φ]− a6 sin[φ]) tanh[Ψ]
+
(
(a10 e
γ0 r − a11 e
−γ0 r) cos[φ]− (a8 e
γ0 r − a9 e
−γ0 r) sin[φ]
)
sech[Ψ]
]
,
(44)
where A(t) is an arbitrary no where zero function of t while ai, i = 1, ..., 15 are arbitrary
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constants. The conformal factor takes the following form
α(t, x, y, z) =
(
γ0 sinh [Ψ] +A
′(t) cosh [Ψ]
)
(a1 e
γ0 r + a2 e
−γ0 r)
+A′(t)
[
a3 h
′(θ) + (a6 cos[φ] + a7 sin[φ]) h(θ)
]
+
(
γ0 cosh [Ψ]
+A′(t) sinh [Ψ]
)(
(a4 e
γ0 r + a5 e
−γ0 r) h′(θ)
+
[
(a8 e
γ0 r + a9 e
−γ0 r) cos[φ] + (a10 e
γ0 r + a11 e
−γ0 r) sin[φ]
]
sin[θ]
)
.
(45)
The final form of the conformal Killing vector fields admit the 15-dimensional Lie algebra
of the metric:
ds2 = −dt2 +A2(t)
[
dr2 + γ−20 cosh
2
[
γ0
∫
A−1(t) dt
] (
dθ2 + h2(θ) dφ2
)]
, (46)
where γ0 is an arbitrary non zero constant.
Remark 3.1. It is important to note that the conformal Killing vector fields (44) do
not admit proper homothetic vector fields when a1 = a2 = a3 = a6 = a7 = 0, A(t) =
γ0 sinh[δ0 t]
δ0
and B(t) =
cosh[δ0 t]
δ0
, where γ0 and δ0 are arbitrary constants. Thus, Killing
vector fields are obtained after subtracting proper conformal vector fields as follows:
10


X0 = γ0
[
h′(θ)
[
c1 e
γ0 r + c2 e
−γ0 r
]
+ h(θ)
([
c3 e
γ0 r + c4 e
−γ0 r
]
cos[φ]
+
[
c5 e
γ0 r + c6 e
−γ0 r
]
sin[φ]
)]
,
X1 = a7 − δ0 coth [δ0 t]
(
cos[θ] (c1 e
γ0 r − c2 e
−γ0 r)
+h(θ)
[
(c3 e
γ0 r − c4 e
−γ0 r) cos[φ] + (c5 e
γ0 r − c6 e
−γ0 r) sin[φ]
])
,
X2 = c8 cos[φ] + c9 sin[φ]− γ0 δ0 tanh[δ0 t]
(
h(θ) (c1 e
γ0 r + c2 e
−γ0 r)
+h′(θ)
[
(c3 e
γ0 r + c4 e
−γ0 r) cos[φ] + (c5 e
γ0 r + c6 e
−γ0 r) sin[φ]
])
,
X3 = c10 +
h′(θ)
h(θ)
(c9 cos[φ]− c8 sin[φ]) + γ0 δ0 csc[θ] tanh[δ0 t]
[
(c5 e
γ0 r + c6 e
−γ0 r) cos[φ]− (c3 e
γ0 r + c4 e
−γ0 r) sin[φ]
]
,
(47)
where ci, i = 1, ..., 10 are arbitrary constants.
Conformal Killing Vector Field (2): In the case (II), B(t) = γ0A(t), where γ0 is
arbitrary non zero constant and A(t) is an arbitrary no where zero function of t only. The
components of conformal Killing vector fields now become:

X0 = A(t) (a1 + a2 r) ,
X1 = a3 + a2
∫ dt
A(t)
,
X2 = a4 cos[φ] + a5 sin[φ],
X3 = a6 −
h′(θ)
h(θ)
(a4 sin[φ]− a5 cos[φ]) ,
(48)
11
where ai, i = 1, ..., 6 are arbitrary constants. The conformal factor takes the following
form
α(t, x, y, z) = A′(t) (a1 + a2 r) . (49)
The final form of the conformal Killing vector fields admit six-dimensional Lie algebra of
the metric:
ds2 = −dt2 +A2(t)
[
dr2 + γ20
(
dθ2 + h2(θ) dφ2
)]
, (50)
where A(t) and γ0 are as defined above.
Remark 3.2. The conformal Killing vector fields (48) admit homothetic vector fields when
a2 = 0, A(t) = t + c2 and B(t) = γ0 (t+ c2), where γ0 and c2 are arbitrary constants,
such that γ0 6= 0. Five dimensional homothetic vector fields after subtracting one proper
conformal vector field, are obtained as follows:


X0 = c1 t+ c2,
X1 = c3,
X2 = c4 cos[φ] + c5 sin[φ],
X3 = c6 −
h′(θ)
h(θ)
(c4 sin[φ]− c5 cos[φ]) ,
(51)
where ci, i = 1, ..., 6 are arbitrary constants. The conformal factor takes the following form
α(t, x, y, z) = c1. Note that the above homothetic vector fields are the same as obtained
earlier by G. Shabbir and F. Iqbal [23].
Conformal Killing Vector Field (3): In this case, solution of equations (31)-(33),
exist when B(t) = A(t) (γ1 sin[Ψ] + γ2 cos[Ψ]), such that Ψ = γ0
∫ dt
A(t)
, where γ0, γ1,
γ2 6= 0 are arbitrary constants while A(t) is an arbitrary no where zero function of t. The
components of conformal Killing vector fields in this case become:

X0 = A(t) (γ1 sin[Ψ] + γ2 cos[Ψ]) (a1 sin[γ0 r] + a2 cos[γ0 r]) ,
X1 = a3 − (γ1 cos[Ψ]− γ2 sin[Ψ]) (a1 cos[γ0 r]− a2 sin[γ0 r]) ,
X2 = a4 cos[φ] + a5 sin[φ],
X3 = a6 −
h′(θ)
h(θ)
(a4 sin[φ]− a5 cos[φ]) ,
(52)
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where ai, i = 1, ..., 6 are arbitrary constants. Also the conformal factor takes the following
form
α(t, x, y, z) =
[
γ0 (γ1 cos[Ψ]− γ2 sin[Ψ]) +A
′(t) (γ1 sin[Ψ] + γ2 cos[Ψ])
]
× (a1 sin[γ0 r] + a2 cos[γ0 r]) .
(53)
Thus it is explored that the metric
ds2 = −dt2+A2(t)
[
dr2+
(
γ1 sin
[
γ0
∫
dt
A(t)
]
+ γ2 cos
[
γ0
∫
dt
A(t)
])2 (
dθ2+h2(θ) dφ2
)]
,
(54)
admits 6-dimensional conformal Killing vector fields. We can obtain a similar result when
B(t) = A(t) (γ1 sinh[Ψ] + γ2 cosh[Ψ]), Ψ = γ0
∫ dt
A(t)
.
Remark 3.3. It is important to note that the metric (54) does not admit proper homothetic
vector field. When we subtract proper conformal vector fields from CKVFs (52) by putting
a1 = a2 = 0, we get the four minimum Killing vector fields admitted by Kantowski-Sachs
and Bianchi type-III spacetime.
Conformal Killing Vector Field (4): In this case the metric functions are obtained
as, B(t) = A(t)
[
γ0 + γ1
∫ dt
A(t)
]
, where γ0 and γ1 are arbitrary non zero constants while
A(t) is an arbitrary no where zero function of t only. The components of conformal Killing
vector fields are obtained as:

X0 = A(t)
[
γ0 + γ1
∫ dt
A(t)
]
(a1 + 2 γ1 a2 r) ,
X1 = a3 + γ1 a1 r + a2
(
γ21 r
2 +
[
γ0 + γ1
∫ dt
A(t)
]2)
,
X2 = a4 cos[φ] + a5 sin[φ],
X3 = a6 −
h′(θ)
h(θ)
(a4 sin[φ]− a5 cos[φ]) ,
(55)
having conformal factor
α(t, x, y, z) =
(
γ1 +A
′(t)
[
γ0 + γ1
∫ dt
A(t)
])
(a1 + 2 γ1 a2 r) . (56)
13
such that ai, i = 1, ..., 6 are arbitrary constants. Thus, the final form of the conformal
Killing vector fields admit 6-dimensional Lie algebra of the metric:
ds2 = −dt2 +A2(t)
[
dr2 +
[
γ0 + γ1
∫
dt
A(t)
]2 (
dθ2 + h2(θ) dφ2
)]
, (57)
Remark 3.4. It is interesting to see that the conformal Killing vector fields ( 55) admit
one proper homothetic vector field t
∂
∂ t
, when a2 = 0 and A(t) = c0 (c1 t+ c2)
1−c3/c1 ,
B(t) = c0 (c1 t+ c2), where c0 6= 0, c1 6= 0, c2 and c3 are arbitrary constants. Five
dimensional homothetic vector fields for the above particular metric functions are listed as
follows: 

X0 = c1 t+ c2,
X1 = c3 r + c4,
X2 = c5 cos[φ] + c6 sin[φ],
X3 = c7 −
h′(θ)
h(θ)
(c5 sin[φ]− c6 cos[φ]) ,
(58)
where ci, i = 1, ..., 7 are arbitrary constants. The conformal factor becomes α(t, x, y, z) =
c1. Again the above homothetic vector fields are in full agreement with [23].
Remark 3.5. Also, the metric (57) admits one proper homothetic vector field t
∂
∂ t
+
r
∂
∂ r
, when a2 = 0 and c1 = c3 so that the metric funtions become A(t) = c0, B(t) =
c0 (c1 t+ c2), where c0 6= 0 and c1 6= 0. Thus for these particular metric functions, five
dimensional homothetic vector fields are obtained as follows:

X0 = c1 t+ c2,
X1 = c1 r + c4,
X2 = c5 cos[φ] + c6 sin[φ],
X3 = c7 −
h′(θ)
h(θ)
(c5 sin[φ]− c6 cos[φ]) ,
(59)
where ci, i = 1, ..., 7 are arbitrary constants. The conformal factor becomes
α(t, x, y, z) = c1. Again the above homothetic vector fields are in full agreement with
[23].
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Conformal Killing Vector Field (5): In this case when the metric functions A(t) and
B(t) remain arbitrary functions of t other than listed above, then Kantowski-Sach’s and
Bianchi type III spacetimes admit conformal Killing vector fields as follows:

X0 = 0,
X1 = a1,
X2 = a2 cos[φ] + a3 sin[φ],
X3 = a4 −
h′(θ)
h(θ)
(a2 sin[φ]− a3 cos[φ]) ,
(60)
where ai for i = 1, ..., 4 are arbitrary constants and the conformal factor vanishes.
4 Concircular Vector Fields
When substituting the above obtained conformal Killing vector fields of different cases in
the differential constrains (34)–(41) turn by turn, we obtain certain restrictions on the
metric functions. Solving those restrictions for each case separately, we obtain concircular
vector fields for Kantowski-Sachs and Bianchi type-III spacetimes. The whole procedure
is given in the following as different cases:
Concircular Vector Fields (1-A): In this case we reach to the following two restrictions
for A(t), that is
AA′′ −A′ 2 + γ20 = 0 and A
′ + γ0 coth [Ψ] = 0.
The general solution of the above equations together is A(t) =
γ0 sinh[δ0 t+ δ1]
δ0
, where
δ0 6= 0 and δ1 are arbitrary constants. Also,
Ψ = γ0
∫ dt
A(t)
= δ0
∫
csch [δ0 t+ δ1] dt
= −ln
(
coth [δ0 t+ δ1]+csch [δ0 t+ δ1]
)
= ln
(
coth [δ0 t+ δ1]−csch [δ0 t+ δ1]
)
, therefore,
eΨ = coth [δ0 t+ δ1]− csch [δ0 t+ δ1],
e−Ψ =
1
coth [δ0 t+ δ1]− csch [δ0 t+ δ1]
= coth [δ0 t+ δ1] + csch [δ0 t+ δ1].
Using the fact: coth2 [δ0 t+ δ1]− csch
2 [δ0 t+ δ1] = 1 and
cosh [Ψ] =
eΨ + e−Ψ
2
= coth [δ0 t+ δ1]. The metric function B(t) is obtained as follows:
B(t) =
(
A(t)
γ0
)
cosh [Ψ] =
(
sinh[δ0 t+ δ1]
δ0
)
coth [δ0 t+ δ1] =
cosh[δ0 t+ δ1]
δ0
. For the
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above particular metric functions, the components of concircular vector fields become:

X0 = γ0
[
(a1 e
γ0 r + a2 e
−γ0 r) cosh [δ0 t+ δ1] + h
′(θ)
[
a3 sinh [δ0 t+ δ1] + a4 e
γ0 r + a5 e
−γ0 r
]
+h(θ)
([
a6 sinh [δ0 t+ δ1] + a8 e
γ0 r + a9 e
−γ0 r
]
cos[φ]
+
[
a7 sinh [δ0 t+ δ1] + a10 e
γ0 r + a11 e
−γ0 r
]
sin[φ]
)]
,
X1 = δ0
[
a12 − (a1 e
γ0 r − a2 e
−γ0 r) csch [δ0 t+ δ1]−
(
h′(θ) (a4 e
γ0 r − a5 e
−γ0 r)
+h(θ)
[
(a8 e
γ0 r − a9 e
−γ0 r) cos[φ] + (a10 e
γ0 r − a11 e
−γ0 r) sin[φ]
])
coth [δ0 t+ δ1]
]
,
X2 = γ0 δ0
[
a13 cos[φ] + a14 sin[φ] + h
′(θ)
[
(a6 cos[φ] + a7 sin[φ]) sech [δ0 t+ δ1]
−
[
(a8 e
γ0 r + a9 e
−γ0 r) cos[φ] + (a10 e
γ0 r + a11 e
−γ0 r) sin[φ]
]
tanh [δ0 t+ δ1]
]
+h(θ)
[
a3 sech [δ0 t+ δ1]− (a4 e
γ0 r + a5 e
−γ0 r) tanh [δ0 t+ δ1]
]]
,
X3 = γ0 δ0
[
a15 +
h′(θ)
h(θ)
(a14 cos[φ]− a13 sin[φ])
−
1
h(θ)
(
(a7 cos[φ]− a6 sin[φ]) sech [δ0 t+ δ1]
−
[
(a10 e
γ0 r + a11 e
−γ0 r) cos[φ]−+(a8 e
γ0 r + a9 e
−γ0 r) sin[φ]
]
tanh [δ0 t+ δ1]
)]
,
(61)
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where ai, i = 1, ..., 15 are arbitrary constants. Also the conformal factors take the forms:
α(t, x, y, z) = γ0 δ0
[
(a1 e
γ0 r + a2 e
−γ0 r) sinh [δ0 t+ δ1]
+
[
a3 h
′(θ) + (a6 cos[φ] + a7 sin[φ]) h(θ)
]
cosh [δ0 t+ δ1]
]
.
(62)
β(t, x, y, z) = −3 δ20 α(t, x, y, z). (63)
Therefore we have the following theorem,
Theorem 4.1. The Kantowski-Sachs and Bianchi type-III metric
ds2 = −dt2 + δ−20
[
γ20 sinh
2 [δ0 t+ δ1] dr
2 + cosh2 [δ0 t+ δ1]
(
dθ2 + h2(θ) dφ2
)]
, (64)
where γ0 and δ0 are arbitrary nonzero constants, admits fifteen dimensional concircular
vector fields (61) along with conformal factors (62) and (63). For the line element (64),
the relation between Ricci tensor and metric tensor is:
Rii = −3 δ
2
0 gii, ∀ i = 0, 1, 2, 3. (65)
This metric is Einstein space and the conformal Killing vector field X agrees with Lemma
(1.2). It is easy to satisfy the important relation β = K α for K = −3 δ20 . The above
obtained concircular vector fields in Eq. (61) indicate that the 15-dimensional concircular
vector fields of the above spacetime are also the conformal Ricci collineation for the same
spacetime. That is:
LX Rij = 2β gij = 2 (−3 δ
2
0 α) gij = 2αRij .
Concircular Vector Field (1-B): In this case B(t) =
A(t)
γ0
cosh [Ψ], Ψ = γ0
∫ dt
A(t)
,
where γ0 6= 0 is an arbitrary constant and A(t) is an arbitrary no where zero function of
t. The components of concircular vector fields are obtained as:

X0 = 0, X1 = a1,
X2 = a2 cos[φ] + a3 sin[φ],
X3 = a4 +
h′(θ)
h(θ)
(a3 cos[φ]− a2 sin[φ]) ,
(66)
where ai, i = 1, ..., 4 are arbitrary constants and conformal factors vanish. Thus, we have
the following theorem,
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Theorem 4.2. The metric (46), admits four dimensional concircular vector fields (66),
with vanishing conformal factors.
Note that the metric (46) was admitting fifteen dimensional conformal Killing vector fields,
while it is now admitting only four dimensional concircular vector fields. The vanishing
conformal factors indicate that these concircular vector fields are just the minimum Killing
vector fields admitted by Kantowski-Sach’s and Bianchi type-III spacetime.
Concircular Vector Fields (2): In this case the metric functions become:
A(t) = δ1 e
δ0 t, B(t) = δ2 e
δ0 t where δ0, δ1 and δ2 are arbitrary non zero constants such
that δ1 6= δ2. For these particular metric functions the components of concircular vector
fields are obtained as:

X0 = (a1 + a2 r) e
δ0 t,
X1 = a3 − δ
−1
0 δ
−2
1 a2 e
−δ0 t,
X2 = a4 cos[φ] + a5 sin[φ],
X3 = a6 +
h′(θ)
h(θ)
(a5 cos[φ]− a4 sin[φ]) ,
(67)
where ai, i = 1, ..., 6 are arbitrary constants. The conformal factors become
α(t, x, y, z) = δ0 (a1 + a2 r) e
δ0 t, (68)
β(t, x, y, z) = −3 δ20 α(t, x, y, z). (69)
The obtained result can be stated in the form of a theorem as follows:
Theorem 4.3. The metric
ds2 = −dt2 + e2 δ0 t
[
δ21 dr
2 + δ22
(
dθ2 + h2[θ] dφ2
)]
, (70)
where δ0, δ1 and δ2 are arbitrary non zero constants such that δ1 6= δ2, admits six dimen-
sional concircular vector fields (67), having conformal factors (68) and (69).
For the line element (70), the relation between the Ricci tensor and metric tesor are:
Rii = −3 δ
2
0 gii, ∀ i = 0, 1, 2, 3. (71)
The above obtained concircular vector fields (67) indicate that the 6-dimensional concir-
cular vector fields of the above spacetime are also the conformal Ricci collineation for the
same spacetime. That is:
LX Rij = 2β gij = 2 (−3 δ
2
0 α) gij = 2αRij .
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Concircular Vector Field (3): When the metric functions A(t) and B(t) take any
one of the form B(t) = γ0A(t), B(t) = A(t) (γ1 sin[Ψ] + γ2 cos[Ψ]), Ψ = γ0
∫ dt
A(t)
or
B(t) = A(t)
[
γ0 + γ1
∫ dt
A(t)
]
, where γ0, γ1 and γ2 are arbitrary non zero constants. The
components of concircular vector fields are listed below:

X0 = 0, X1 = a1,
X2 = a2 cos[φ] + a3 sin[φ],
X3 = a4 +
h′(θ)
h(θ)
(a3 cos[φ]− a2 sin[φ]) ,
(72)
where ai, i = 1, ..., 4 are arbitrary constants. The conformal factors vanish, i.e.
β(t, x, y, z) = α(t, x, y, z) = 0. (73)
Thus we have the following theorem:
Theorem 4.4. The metric (50), (54) and (57) admit four dimensional concircular vector
fields (72) whose conformal factors are zero.
5 Summary of the Work
In this paper, we investigated concircular vector fields for Kantowski-sach and Bianchi
type-III spacetimes. In order to obtain the concircular vector fields components and their
conformal factors, we divided this paper into different sections. In (Section 2), we ob-
tained conformal Killing equations and concircular equations. As a first step, we applied
some algebraic techniques to reach the general form of conformal Killing vector fields com-
ponents and the integrability constraints for the complete solution of conformal Killing
equations. Those CKVFs components are then utilized into the concircular equations to
obtain the integrability conditions for concircular vector fields.
In (Section 3), integrability constraints of conformal Killing equations are solved com-
pletely and conformal Killing vector fields along with their conformal factors are obtained.
Solutions of integrability constraints of conformal Killing equations, placed different re-
strictions on the metric function B(t). In most of the cases where Kantowski-Sachs and
Bianchi type-III spacetimes admit proper conformal Killing vector fields, B(t) is de-
pendent upon A(t). Each restriction is solved as different case and complete solutions
of conformal Killing equations are obtained. In first case it is shown that the metric
(46) admits fifteen CKVFs (44). It is also shown that when A(t) =
γ0 sinh[δ0 t]
δ0
and
B(t) =
cosh[δ0 t]
δ0
, where γ0 and δ0 are arbitrary non zero constants, spacetime (46)
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does not admit proper homothetic vector field. In the second case it is shown that when
B(t) = γ0A(t), γ0 6= 0, Kantowski-Sachs and Bianchi type-III spacetime admit six di-
mensional CKVFs (48). It is also shown that when A(t) = t+ c2 and B(t) = γ0 (t+ c2),
γ0 6= 0, the spacetime metric admit one proper homothetic vector field which is in full
agreement with the already obtained result of [23]. In the third case, it is shown that
when B(t) = A(t) (γ1 sin[Ψ] + γ2 cos[Ψ]), Ψ = γ0
∫ dt
A(t)
, γ0 6= 0, the spacetime met-
ric (54) admits six dimensional CKVFs (52). Moreover, metric in this case admits two
proper conformal Killing vector fields and no proper homothetic vector field exists. In
the next case four, it is shown that when B(t) = A(t)
[
γ0 + γ1
∫ dt
A(t)
]
, γ0, γ1 6= 0, the
spacetime metric (57) admits six dimensional CKVFs (55). Proper homothtetic vector
fields are obtained for two different sets of metric functions. In the first sub case for
A(t) = c0 (c1 t+ c2)
1−c3/c1 , B(t) = c0 (c1 t+ c2), where c0 6= 0, the proper HVF is ob-
tained as t
∂
∂ t
. In the second sub case for A(t) = c0, B(t) = c0 (c1 t+ c2), where c0 6= 0
and c1 6= 0, the proper HVF is obtained as t
∂
∂ t
+ r
∂
∂ r
. It is important to note that
both these proper HVFs are in full agreement with the already obtained proper HVFs of
G. Shabbir and F. Iqbal [23]. In the last case of this section it is shown that when A(t)
and B(t) are arbitrary no where zero independent functions of t only, then the spacetime
under consideration does not admit proper conformal Killing vector field and CKVFs are
just the basic four Killing vector fields.
In (Section 4), all the results obtained in previous section were put into differential con-
straints of concircular vector fields, turn by turn. All the results obtained in this section
are listed in the form of theorems. In (Case (I-A)), concircular vector fields (Eq.61)
are obtained for particular choice of the metric functions. These CVFs correspond to the
Einstein space (64). It is established that every CKVF is also a CVF (Lemma1.2). Inter-
estingly, the obtained CVFs are also conformal Ricci collineation (LX Rij = 2αRij). In
(Case (I-B)), when a relation between metric functions A(t) and B(t) exist as B(t) =
A(t)
γ0
cosh [Ψ], where γ0 6= 0 Ψ = γ0
∫ dt
A(t)
such that A(t) is an arbitrary no where zero
function of t only then CVFs are just the minimum four KVFs admitted by Kantowski-
Sachs and Bianchi type-III spacetime. In (Case 2), six dimensional CVFs are obtained
(Eq.67) for special choices of the metric functions. The metric which admits these six
dimensional CVFs is given in Eq.(70). It is also shown that the obtained CVFs in this are
conformal Ricci collineation for the same metric. In the last (Case 3), it is shown that
when Kantowski-Sachs and Bianchi type-III spacetime have any of the form (50), (54) or
(57), the CVFs are just the minimum four KVFs.
20
References
[1] Ali AT, Yadav AK and Mahmood S, Astr Space Sci 349(1) (2014) 539.
[2] Yadav AK, Ali AT, Rahaman F and Mallick A, Phys Scr 89(11) (2014) 115206.
[3] Attallah SK, El-Sabbagh MF and Ali AT, Commun Nonlinear Sci Numer Simulat
12(7) (2007) 1153.
[4] Hall GS, Symmetries and Curvature Structure in General Relativity, World Scientific,
Singapore (2004).
[5] Faridi AM, J Math Phys 28 (1987) 1370.
[6] Tsamparlis M, Paliathanasis A and Karpathopoulos L, Gen Relativ Gravit 47 (2015)
15.
[7] Maartens R, Maharaj SD and Tupper BOJ, Class Quant Grav 12 (1995) 2577.
[8] Mason DP, Maartens R and Tsamparlis M, J Math Phys 27 (1986) 2987.
[9] Tupper BOJ, Maartens R and Maharaj SD, Class Quant Grav 13 (1996) 317.
[10] Fialkow A, Trans Amer Math Soc 45(3) (1939) 443.
[11] Yano K, Proc Imp Acad Japan 16 (1940) 195, 354, 442, 505.
[12] Yano K, Proc Imp Acad Japan 18 (1942) 446 .
[13] Tashiro Y, Trans Amer Math Soc 117 (1965) 251.
[14] Ferrand J, Ann Aca Sci Fenn Ser A I 10 (1985) 163.
[15] Kuhnel W and Rademacher HB, Proc Amer Math Soc 123 (1995) 2841.
[16] Takeno H, Tensor (N.S) 20 (1967) 167.
[17] Ishihara S, Kodai Math Sem Rep 12 (1960) 45.
[18] Tsamparlis M and Paliathanasis A, J Phys: conference Series 621 (2015) 012014.
[19] Kuhnel W and Rademacher HB, Gen Relativ Gravit 33 (2001) 1905.
[20] Bergman J, Conformal Einstein spaces and Bach tensor generalizations in n dimen-
sions, Thesis Linkoping (2004).
[21] Stephani H, Kramer D, MacCullam MAH, Hoenselears C and Herlt E, Exact Solutions
of Einstein’s Field Equations. Cambridge University Press, Cambridge, (2003).
[22] Kantowski R and Sachs RK, J Math Phys 7 (1966) 443.
[23] Shabbir G and Iqbal F, arxiv: (2011) 1110.3171v1.
21
